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We investigate the non-Gaussianity of the brane inflation which happens in the same
throat in the framework of the generalized KKLMMT model. When we take the constraints
from non-Gaussianity into account, various consequences are discussed including the bound
on the string coupling, such as the string coupling is larger than 0.08 and the effective string
scale on the brane is larger than 1.3× 10−4Mp in KKLMMT model.
April, 2005
The cosmic microwave background (CMB) data from WMAP [1] strongly supports
that inflation [2] should happen before the hot big bang. The first year results of WMAP
also confirm the emerging standard model of cosmology, a flat Λ-dominated universe seeded
by nearly scale-invariant adiabatic fluctuations. By using two statistics, Komatsu et al.
[3] find that the data from WMAP consistent with Gaussian primordial fluctuations and
establish limits, −58 < fNL < 134, at 95% confidence, where fNL is a non-linear cou-
pling parameter which characterizes the amplitude of a quadratic term in the primordial
potential.
One possible inflation model naturally set up in string theory is derived by the the
potential between the parallel dynamical brane and anti-brane, namely brane inflation [4-
6]. However the potential which governs the evolution of inflationary universe should be
flat enough to satisfy the slow roll conditions. In the usual brane inflation, the tension of
the brane (anti-brane) is too large and the attractive potential between them can be flat
enough only when they separate far from each other. The authors of [6,8] pointed out that
the distance between the brane and the anti-brane must be larger than the size of the extra-
dimensional space if the slow roll inflation could happen in this scenario. This is called η
problem. Kachru et al. in [7] successfully introduce some D¯3 branes in a warped geometry
in type IIB superstring theory to break supersymmetry and uplift the AdS vacuum to a
metastable de Sitter vacuum with lifetime long enough, but shorter than the recurrence
time. If we take an extra pair of brane and anti-brane in this scenario, a more realistic
slow roll inflation (KKLMMT inflation model) can be naturally set up [8]. A generalized
KKLMMT inflation model has been also discussed in [9], where a possible conformal-like
coupling between the scalar curvature and the inflaton is token into account.
In general, fNL contains an order one constant part and a momentum dependent
part, i. e. gNL( ~k1, ~k2) (for example, see [10,11]). However the present constraint on non-
Gaussianity parameter from WMAP only provides a constraint on the constant part. Thus
the present constraint on the non-Gaussianity parameter cannot be used to constrain the
inflation at all. However recently the authors of [15] found that the tachyonic instability
gives rise to non-Gaussianity parameter in the primordial perturbation. The tachyon
usually appears in the brane inflation when the inflation ends and the distance between
the brane and anti-brane becomes the same order as the string length. Therefore the
non-Gaussianity can provide a stringent constraints on the brane inflation model (see the
second paper in [15]).
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In this short note, we estimate the non-Gaussianity parameter fNL and investigate
the constraints on the generalized KKLMMT model in detail. Combining the amplitude of
the power spectrum and the constraints on the non-Gaussianity parameter, we find there
is a stringent constraints on the generalized KKLMMT model.
In KKLMMT inflation model, inflation is drived by the interaction between aD3 brane
and D¯3 brane which are parallel and widely separated in five-dimensional AdS space. The
D¯3 brane is located at the bottom of the throat A with warp factor hA. The D3 brane
is mobile and slowly moves towards the D¯3 brane due to the attractive force between
them. The distance between the brane and anti-brane plays the role of the inflaton field.
We compactify the string theory on AdS5 ×X5, where X5 is a five-dimensional Einstein
manifold. The AdS5 solution is given by the metric
ds2 = h2(r)
(−dt2 + a2(t)d~x2)+ h−2(r)dr2, (1)
with the warp factor
h(r) =
r
R
= exp
(
− 2πK
3Mgs
)
, (2)
where K and M are the background NS-NS and R-R fluxes and R is the curvature radius
of the AdS throat [12],
R4 =
27
4
πgsNAα
′2, (3)
Here N = KM is just the number of the background D3 charge. Since the curvature scales
like 1/R2, gsNA should be large in order that the curvature is small and the supergravity
analysis is reliable.
We set an D¯3 brane at the bottom of throat A with coordinate r0. Its tension con-
tribute a positive effective cosmological constant given by
VA = 2T3h
4
A, (4)
where
T3 =
1
(2π)3gsα′2
(5)
is the tension of D3 brane. The force exerted by gravity and the five-form field are of the
same sign and add up, so we have a factor of 2 in eq. (4). The factor of h4A in (4) is due
to a redshift in the curved geometry. Or from another point of view, we write down the
string action in this background geometry as
S =
M2s
2π
∫
d2zGAB∂X
A∂¯XB ∼ (MshA)
2
2π
∫
d2zgµν∂x
µ∂¯xν , (6)
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whereMs = 1/
√
α′ and GAB is the metric of the target spacetime, XA is the coordinate in
the target spacetime and xµ is the longitude coordinate on the brane in the metric (1). Thus
for the observers living on the brane, the effective string scale should be Mobs = MshA,
which is different from the string scale in the bulk Ms. If the warp factor hA is smaller
than one, the string seems lighter. This is the key point why the KKLMMT model can
work. In addition, the attractive interaction also provides a potential
VD3D¯3 = −
27
16π2
T 23 h
8
A
φ4
, (7)
where φ =
√
T3r and r is the coordinate corresponding to the position of the mobile D3
brane. One must ensure that the compactification volume is stabilized in order to avoid
the decompactification in KKLMMT model. A term coming from the Ka¨hler potential
and various interactions in the superpotential [8] and some possible D-terms [13] should
also arise. The exact formulation of this potential is still not known. Usually it can be
written down as
Vk =
1
2
βH2φ2, (8)
which induces a conformal like coupling between the scalar curvature and the inflaton,
here H is the Hubble parameter. Summing the above potentials up, we obtain the effective
potential in the generalized KKLMMT model, given in [9] as follows,
V =
1
2
βH2φ2 + 2h4AT3
(
1− 1
NA
φ4A
φ4
)
, (9)
where
φ4A =
(√
T3r0
)4
=
27
32π2
NAT3h
4
A. (10)
In eq. (9), the parameter β can be approximately regarded as a free parameter and the
model reduces to KKLMMT model when β = 0. In [9], the authors offer the constraints
on β. Roughly the parameter β should satisfy 0 ≤ β ≤ 1/7 to 1/5.
This inflation model has been discussed in [9] and we directly quote the useful results.
In this model, the slow roll parameter ǫ is always small. We need only focus on the slow
roll parameter η when we discuss the slow roll conditions. In the generalized KKLMMT
model, VA dominated the evolution of the universe. Using eq. (9), we have
η =M2p
V ′′
V
=
β
3
− 20
NA
M2pφ
4
A
φ6
, (11)
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where Mp is the reduced Planck mass in four-dimensional spacetime. The inflation ends
when the slow roll conditions are broken down, here η ∼ −1, which gives the final value of
the inflaton field φend as
φ6end =
20
NA
1
1 + β/3
M2pφ
4
A. (12)
The number of e-folds can be expressed as
Ne ≃ 1
M2p
∫ φNe
φf
V
V ′
dφ. (13)
So the value of φ, namely φNe at the number of e-folding number Ne before the end of
inflation is
φ6Ne =
24
NA
NeM
2
pφ
4
Am(β), (14)
where
m(β) =
(1 + 2β)e2βNe − (1 + β/3)
2β(Ne + 5/6)(1 + β/3)
. (15)
Now the slow roll parameter can be expressed as
ǫ =
M2p
2
(
V ′
V
)2
=
1
18
(
φNe
Mp
)2(
β +
1
2Nem(β)
)2
,
η =
β
3
− 5
6
1
Nem(β)
,
(16)
where
φNe
Mp
=
(
33 × 52
25
) 1
4
m
1
6 (β)f
1
3 (β)N
− 1
4
e δ
1
2
H , (17)
here we use eq. (14).
The amplitude of the primordial scalar power spectrum is given by
δH =
1√
75πM3p
V
3
2
V ′
=
(
211
3× 56 × π4
)1/6
N5/6e
(
T3h
4
A
M4p
)1/3
f−
2
3 (β), (18)
where
f(β) =
(
2β(Ne + 5/6)
(1 + 2β)e2βNe − (1 + β/3)
)5/4
(1 + 2β)3/2
(1 + β/3)1/4
e3βNe . (19)
The cosmological observations [14] show that δH ∼ 1.9 × 10−5 at Ne ∼ 55. In the limit
with β → 0, we find f(β)→ 1 and the results are just the same as the KKLMMT model.
Using eq. (18), we obtain
g(β) ≡ T3h
4
A
M4p
=
M4obs
M4p
1
(2π)3gs
=
(
3× 56 × π4
211
)1/2
N−5/2e δ
3
Hf
2(β). (20)
4
This formula offers a stringent constraint on the effective string scale on the brane and
the string coupling from the cosmological observations. If we require that the inflation
happens in the throat A, the inflaton should satisfies
φA ≤ φend < φNe ≤ φR, (21)
here φR =
√
T3R and the e-folding number Ne should be roughly larger than 55 in order
to solve the flat and horizon problem in hot big bang cosmology. Using eq. (14), (20) and
(21), we obtain an constraint on the tension of the D3 brane as
T3
M4p
≥ 25π
2
Ne
1
NA
m
2
3 (β)f
4
3 (β)δ2H . (22)
On the other hand, the reduced Planck scale in the four-dimensional spacetime is given by
M2p =
2L6
(2π)7α′4g2s
, (23)
where L is the characteristic size of the compactificated space. The ratio between the D3
brane tension and the Planck energy density can be expressed as
T3
M4p
=
(2π)11
4
g3s
(
ls
L
)12
, (24)
here ls = 1/Ms. In order to make the concept of the geometry reliable, we require that
the size of the compactificated space should be larger than the length of the string, i. e.
ls ≤ L, which means that
T3
M4p
≤ (2π)
11
4
g3s . (25)
Combining eq. (22) and (25), we find a constraint on the background charge NA and the
string coupling gs as follows
NA ≥ 25
(2π)9
1
Ne
g−3s m
2
3 (β)f
4
3 (β)δ2H . (26)
This inequality can be easily satisfied if the string coupling is not too small. Here we also
require that the inflation should end before the distance between D3 brane and D¯3 brane
reaches string length
√
α′, which imposes a new constraints on the string coupling gs and
the background charge NA as (see [9])
lnNA + 4
(
4
27πgsNA
)1/4
≤ 1
3
ln
(
29 × 52 × π2
33
1
(1 + β/3)2
1
g(β)
)
. (27)
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Using this inequality, we can find that there is an up bound for the background charge,
e. g. NA ≤ 6.9 × 106 for β = 0 and NA ≤ 1.4 × 105 for β = 0.1. Combining eq. (26),
we can find a low bound for the string coupling gs, e. g. gs ≥ 1.2 × 10−8 for β = 0 and
gs ≥ 3.6× 10−6 for β = 0.1.
In KKLMMT model, the distance between the D3 brane D¯3 brane becomes roughly
the same order as the string length and the tachyon appears when inflation ends. In [15],
the authors point out that the non-Gaussianity arise due to the instability of the tachyon
and they estimate the non-Gaussianity in the brane inflation model. Here we estimate the
non-Gaussianity in the generalized KKLMMT model. We propose that the action for the
tachyon in KKLMMT model can be expressed as (the superstring tachyon for the brane
and anti-brane pair, for example, see [16])
SS = −2T3h4A
∫
d4x
√−g
(
α′
2h2A
e−|T |
2/4∂µT
∗∂µT + e−|T |
2/4
)
. (28)
The factor h4A appears because of the the geometry effect in the throat, we should use the
effective string scale instead of the string scale in the bulk. In the DD¯ system, tachyon is
a complex filed. Here we may consider the simplest case where the imaginary part of T is
essentially frozen and only the real part roll down (see [18] for the argument). We redefine
the tachyon field as
ϕ =
∫ T
0
√
2T3h4A
M2obs
e−T
′2/8dT ′ = 2
√
πT3h4A
M2obs
erf
(
T
2
√
2
)
(29)
The transition T = 0 → ∞ corresponds to ϕ = 0 → 2
√
piT3h4A
M2
obs
. Now the mass square of
the tachyon field ϕ becomes
M2ϕ = −
M2obs
2
(
1− T
2
4
)
. (30)
When T > 2, ϕ will not be a tachyon field any more. So ϕ can be taken as a tachyon field
only when 0 ≤ ϕ ≤ ϕm with ϕm = 2
√
piT3h4A
M2
obs
erf
(
1√
2
)
. As a result, long wavelength quan-
tum fluctuations of the tachyon field ϕ with momenta smaller thanMϕ grow exponentially.
As given in [15], the fluctuation of the tachyon can be expressed as
〈δϕ2〉 =
∫ Mobs/√2
0
kdk
4π2
e2t
√
M2
obs
/2−k2 =
e
√
2Mobst
(√
2Mobst− 1
)
+ 1
16π2t2
. (31)
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The growth of the tachyon fluctuation continues until
√
〈δϕ2〉 reaches the value ϕm, since
at ϕ ∼ ϕm the curvature of the effective potential vanishes and instead of exponential
growth on has the usual oscillations of all the modes. We can estimate that the time span
is t∗ ∼
(√
2/Mobs
)
ln
(
1/
√
Bgs
)
, where B =
(
8erf2
(
1/
√
2
))−1
. During this period, the
number density of the tachyon quanta is given by [17]
nk ∼ e
√
2Mobst∗ ∼ 1
Bgs
. (32)
Thus the number density of the tachyon quanta in x-space is
nϕ =
∫ Mobs/√2
0
d3k
(2π)3
nk ∼ 1
(2π)3Bgs
(
Mobs√
2
)3
. (33)
Just the same as [15], we assume that the VEV of the inflaton is vanishing, 〈φ〉 = 0,
when the tachyon starts rolling. The tachyon field and the inflaton field can be divided
into the background, the first order and the second order perturbation as
ϕ = ϕ0(χ) + δ
(1)ϕ(χ, ~x) +
1
2
δ(2)ϕ(χ, ~x),
φ = δ(1)φ(χ, ~x) +
1
2
δ(2)φ(χ, ~x),
(34)
where χ is conformal time. The relevant part of the metric perturbations is
g00 = −a(η)2
(
1 + 2ψ(1) + ψ(2)
)
. (35)
Then the first order and second order perturbation equations can be written as (see [15]
for detail form)
ψ(1)
′′ − 2Aψ(1)′ ∼ 0, (36)
ψ(2)
′′−2Aψ(2)′ ∼ − 1
M2P
(
2
(
δ(1)ϕ′
)2
+ 8ϕ′20
(
ψ(1)
)2
− a2V,ϕϕ
(
δ(1)ϕ
)2
− 8ϕ′0ψ(1)δ(1)ϕ′
)
,
(37)
where A = ϕ′′0/ϕ
′
0 and the primes denote derivative with respect to the conformal time
χ. We assume that the tachyon modes grow within a time interval much smaller than the
Hubble time and the expansion of the universe can be neglected, so that we can set χ = t,
a = 1 and A = ϕ¨0/ϕ˙0 which can be taken as a constant. There are two solution with the
first order metric perturbations: ψ(1) is a constant and ψ(1) ∝ e2At. We can consider these
two cases separately.
7
If the constant solution dominating, we can take ψ(1) ∼ 10−5 by using the observed
temperature anisotropies. Now the total energy density stored in ϕ is
ρϕ ∼ 1
2
(δ(1)ϕ˙)2 ∼ nϕMobs√
2
∼ M
4
obs
32π3
1
Bgs
. (38)
Now eq. (37) becomes
¨ψ(2) ∼ − 2
M2p
(
δ(1)ϕ˙
)2
∼ − 1
8π3
M4obs
M2p
1
Bgs
, (39)
here we use eq. (38). The second order metric perturbation
ψ(2) ∼ − 1
8π3
1
Bgs
(
Mobs
Mp
)2
ln2
(
1√
Bgs
)
. (40)
Thus the standard non-Gaussianity parameter fNL is given by
fNL = −fψNL +
11
6
∼ ψ
(2)
(ψ(1))2
+
11
6
∼ 11
6
+
1010
8π3
1
Bgs
(
Mobs
Mp
)2
ln2
(
1√
Bgs
)
.
(41)
Based on eq. (41), there is a stringent constraint on the string coupling gs and the effective
string scale on the brane Mobs from WMAP (see Fig. 1).
2 4 6 8
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Figure 1. where x = log10 gs and y = log10
(
Mobs
Mp
)
. The red line corresponds to
fNL = 134 and the region below the red line is allowed by WMAP. The green and blue
lines come from the constraints of the amplitude of the primordial scalar power spectrum
(eq. (20)) with different parameter β. Here the green line corresponds to β = 0 and the
blue line to β = 0.1.
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The region below the red line in Fig. 1 is allowed by the present constraints from
WMAP. Here we set Ne = 55, δH = 1.9 × 10−5, for each β. Combining the constraints
of the amplitude of the primordial power spectrum (20), we find that the non-Gaussianity
can give us a stringent constraints on the the string coupling and the effective string scale
on the brane:
1) for β = 0, the string coupling gs ≥ 10−1.1 ≃ 0.08 and MobsMp ≥ 1.3 × 10−4. The
constraints on the cosmic F-string and D-string will be: 1 GµF =
1
8pi
(
Mobs
Mp
)2
≥ 6.7×10−10
and GµD = GT1h
2
A =
(
1
32pigs
T3h
4
A
M4p
)1/2
≤ 1.3× 10−9.
2) for β = 0.1, the string coupling 100.35 ≃ 2.2 ≤ gs ≤ 100.87 ≃ 7.4 and 3.0 ×
10−4 ≤ Mobs
Mp
≤ 4.0 × 10−4. The constraints on the cosmic F-string and D-string are:
3.6× 10−9 ≤ GµF ≤ 6.4× 10−9 and 4.6× 10−8 ≤ GµD ≤ 8.5× 10−8. OR gs ≥ 105.8 and
Mobs
Mp
≥ 6.9× 10−3 and GµF ≥ 2× 10−6, GµD ≤ 1.6× 10−10.
Fitting cosmological constant plus cold dark matter plus strings to the CMB power
spectrum provides an upper limit on the string tension with Gµ = 1
8pi
(Mobs/Mp)
2 < 10−6
[20]. Therefore for β = 0.1, the case with string coupling larger than 105.8 should be ruled
out. If we also require that gs ≤ 1 should be allowed, the parameter β should satisfy
β ≤ 0.03.
The other extreme case is when the first order metric perturbation is dominated by the
exponential solution ψ(1) ∝ e2At. This can happen if the initial fluctuation of the tachyon
field is large enough to overcome the constant solution for the first order perturbation in
the metric. In this case, the first order perturbation of the tachyon field can be given by
δ(1)ϕ =
2M2P
ϕ˙0
(
ψ˙(1) +Hψ(1)
)
∼ 4AM
2
P
ϕ˙0
e2At. (42)
Substituting this equation into (37) and solving it, we obtain the relevant second order
perturbation as
ψ(2) ∼
(
8 +
2M2PV
′′(ϕ)
ϕ˙20
− 16M
2
P ϕ¨
2
0
ϕ˙40
− ϕ˙
4
0
M2P ϕ¨
2
0
)
e4At. (43)
Thus the non-Gaussianity parameter can be given by
fNL = −fψNL +
11
6
∼ ψ
(2)(
ψ(1)
)2 + 116
∼ −37
6
+ 16Cgs
(
Mp
Mobs
)2
+
1
Cgs
(
Mobs
Mp
)2
+ 2Cgs
(
Mp
Mobs
)2
ln2
(
1√
Bgs
)
,
(44)
1 Recently it is proposed that cosmic strings can be produced in KKLMMT model and their
effects on cosmological observations are much studied, see for example [19].
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with C = 2π2/erf2
(
1√
2
)
. The constraint on the string coupling and the effective string
scale on the brane is shown in Fig. 2.
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Figure 2. where x = log10 gs and y = log10
(
Mobs
Mp
)
. The red line corresponds to
fNL = 134 and the region between the two red lines is allowed by WMAP. The green
and blue lines come from the constraints of the amplitude of the primordial scalar power
spectrum (eq. (20)) with different parameter β. Here the green line corresponds to β = 0
and the blue line to β = 0.1.
From Fig. 2, the string coupling must be smaller than the limit in order for the gen-
eralized KKLMMT model to work, which we have obtained before. Thus if the first order
metric perturbation is dominated by the exponentially growing solution, the generalized
KKLMMT model must be ruled by the constraint from the non-Gaussianity.
In summary, we estimate the non-Gaussianity due to the tachyon instability in the
KKLMMT model. If there is a large first order metric perturbation due to the fluctuation
of tachyon, the generalized KKLMMT inflation model has been ruled out by the present
non-Gaussianity constraint fromWMAP. When the first order perturbation of metric is not
amplified due to the rolling tachyon, there is still some stringent constraints on the string
coupling and the effective string scale on the brane in the generalized KKLMMT model.
These constraints provide some bounds for the cosmic F-string and D-string tension. The
other explorations on non-Gaussianity in brane world scenario have also been discussed
wildly (see [21]). We expect that the cosmological observations in the future, including
WMAP, Planck and LIGO, will offer better opportunity for testing the KKLMMT inflation
model.
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